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ABSTRACT

Second-order expansion of the aspect ratio gives rise to simple equations with a quasi-hydrostatic
approximation that perform far better than the classical hydrostatic system in the’ simulation of moist
convection in a mesoscale model. It also suggests that a simple modification to this system may extend
the validity of schemes for aspect ratios larger than 1.

1. Imtroduction

One of the prominent features of large circula-
tions in most geophysical systems is the balance
between the vertical pressure gradient and its
weight.

For the hydrostatic balance to be valid, a simple
scale analysis can prove that the ratio of the vertical
scale to the horizontal scale H/L must be much
smaller than 1. In this flow regime, the particle mo-
tion of the fluid will be in horizontal planes with only
the static balance of the forces acting in the vertical.
Then it follows that for fluid motion where horizontal
scales are comparable to the vertical scales, the
vertical acceleration of the particles can no longer
be assumed smailer than the vertical pressure gra-
dients and the hydrostatic assumption breaks down.
The hydrostatic balance assumption greatly simpifies
the procedure to solve the equations of motion.
Accordingly, this was extensively used in theoretical
work on large scale circulation of the atmosphere
and the oceans. Certainly, the area which benefited
most from this simplification was the work related to
numerical modeling of such phenomena. The sim-
plification for numerical modeling lies not only in the
elimination of the vertical momentum equation,
which certainly is a considerable reduction. By as-
suming hydrostatic balance, the compressible equa-
tion with explicit sound waves need not be solved
in the vertical, thus permitting a much larger integra-
tion time step and hence a shorter model run time,
The benefits of the hydrostatic balance are further
appreciated if the anelastic equations (sound free)
are used, in which a three-dimensional Poisson
equation needs to be solved to retrieve the pres-
sure field and thus causing an even more expensive
integration. These limitations of integration with
the complete equations may have been part of the
reason why cloud modeling (non-hydrostatic) is lag-

ging behind global circulation modeling (hydro-
static). Comparable hydrostatic and non-hydrostatic
models may have a ratio of one to ten for the time
it takes to integrate each model.

The rapid technological development of meteoro-
logical instruments in recent years has made con-
tinuous observation of mesoscale phenomena
possible, Limitations to numerical simulation of
mesoscale processes have not only been due to in-
completeness of past observational data but also to
unavailability of appropriate mesoscale models. The
strict adaptation of GCM’s was realized not to be the
correct one because the hydrostatic assumption
built into such models is the limiting factor for its
use in simulating the mesoscales. On the other hand,
upgrading of cloud dynamics models, which should
cover a horizontal extension for mesoscale phe-
nomena to be well resolved, becomes overwhelm-
ingly expensive.

It seems clear from the previous discussion that
a practical approach to encompass the limitations
of hydrostatic models is to find an appropriate ex-
tension of the hydrostatic balance that will be well
behaved to the limits of the mesoscale range. The
purpose of this paper is to present such an extension,
the quasi-hydrostatic approximation, which has
these characteristics.

2, Higher order expansion in the aspect ratio (H/L)

The small aspect ratio between the vertical and
horizontal scales of motion is the well-known justifi-
cation necessary for the hydrostatic balance to be
valid. However, to describe why the assumption
is violated when the aspect ratio is of the order of
one is not so trivial. Let us then look at the simple
dispersion relation for internal gravity waves in a
stratified rotating fluid at rest.






