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ABSTRACT

Space-time spectral formulas are modified to estimate wavenumber-frequency spectra correctly from
space-time series data sampled at the same local time but at different hours of a day by a polar-orbiting

satellite.

It is shown that a significant error occurs in the wavenumber-frequency spectra of the space-time
series for wave periods less than 10 days. This error can be eliminated without time interpolation by
taking a space-Fourier transform with respect to the frequency-shifted wavenumbers measured at the

same local time.

1. Introduction

Hartmann (1976) discussed possible errors in
wavenumber-frequency spectra estimated from
space-time series data sampled at the same local
time but at different hours of a day by a polar-
orbiting satellite (see Figs. 1 and 2 for its orbits).!
As illustrated by Fig. 3a, the sampling along the
latitude circle is made at the same local time. He
pointed out that there is a shift in the zonal wave-
number measured at the same local time as illus-
trated by Fig. 3b. This shift is given by the wave
frequency and is less than 0.1 for periods greater
than 10 days and can be considered negligible.

- However, for an eastward moving planetary wave

of wavenumber 1 and a period of 4 days, as ob-
served in the polar stratosphere (Venne and Stan-
ford, 1979), the wavenumber shift is 0.25 and is not
negligible. For possible 2-day period oscillations,
as observed in the tropical stratosphere (Cadet and
Teitelbaum, 1979; Coy, 1979), the wavenumber shift
is as large as 0.5.

It is expected that this shift in wavenumber causes
a significant error in the wavenumber-frequency
spectra. It will be demonstrated that this error can
be eliminated by taking a space-Fourier transform
with respect to the frequency-shifted wavenumbers.

In Section 2 the frequency-shifted wavenumber
is introduced. In Section 3 space-time spectral
formulas (Hayashi, 1971, 1973, 1977a,b, 1979a,b)
are modified to estimate wavenumber-frequency
spectra correctly. In Section 4 a test of the modified
method is made based on an artificial sinusoidal

! Fig. 2 is reproduced from Nimbus III Catalog, 1969, Vol. 1,
Part 1 [available from Goddard Space Flight Center, Greenbelt,
MD 20771].

wave. In Section 5 a summary and remarks are
given. Appendix A gives a list of symbols. Ap-
pendix B gives formulas for the frequency-shifted
Fourier transform and space-time cross spectra.
Appendix C gives formulas to calculate the orbital
tilt and appendix D reviews the relativistic Doppler
effects.

2. Frequency-shifted wavenumber

The standard time ¢ and local time ¢; of a satellite
at longitude A are related by

t=1— NQ, 2.1

where () is the rotation of the earth relative to the
sun-synchronous satellite (27 radian per solar day)
and —7r < A < 7.

The space-time Fourier representation of a space-
time series is given by

w(\,t) = Re 3 Wp. expli(m\ + wt)],

m,w

2.2)

where m is the zonal wavenumber measured at
standard time and the angular frequency w takes
both positive (westward) and negative (eastward)
values.

The above representation is rewritten in terms
of local time (#;) by inserting (2.1) into (2.2) as

w(\t) = Re Y Wy, expli(m,\ + ot))], (2.3)
m,w
where

m, = m — w/l. 2.4

Hereafter, m, will be called the frequency-shifted
wavenumber.
Thus at the same local time the wavenumber is



1386

NODE

F1G. 1. The orbit of a polar-orbiting sun-synchronous satellite.
Twice daily observations are available on the day and night sides.
Relative to the rotating earth, the orbits drift westward 360° per
solar day. The longitude (M) and latitude (6) of the satellite are
. determined by the angles I and J (see Appendix C).

shifted by —«/Q and hence a phase discontinuity of
27w/ occurs at 180° longitude (see Fig. 3b) as
pointed out by Hartmann (1976).

This shift in wavenumber is somewhat analogous
to the Doppler-shifted frequency? measured by a
satellite moving westward relative to the earth with
the angular velocity £}, as given by

o =w—mi, 2.5)
by use of a Galilean transformation
A=) — e 2.6)

Chapman et al. (1974) and Rodgers (1976) estimated
wavenumber-frequency spectra through the fre-
quency spectra of time series data sampled by a
polar-orbiting satellite at different points along the
slanted lines in Fig. 3a. With a reasonable guess
of a wavenumber, the positive Doppler-shifted
frequencies observed by the satellite are converted
to positive (westward) or negative (eastward) fre-
quencies observed on the earth. Subsequently,
Hirota (1976, 1979) estimated wavenumbers as well
as Doppler-shifted frequencies by use of wave-
number-filtered local time-space series. Hirota’s
method, however, is not free from the wave-
number error and phase discontinuity mentioned

2 In meteorology the Doppler-shifted frequency often refers to
the frequency measured by an observer moving with the basic
flow.
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above. Moreover, his method cannot make use of
twice daily data to resolve waves with periods
shorter than 2 days.

In the case of relativistic Doppler shifts, both
frequency and wavenumber are shifted (see Ap-
pendix D).

3. Modified spectral formulas
a. Space-Fourier transform

Wavenumber-frequency power spectra are de-
fined by .
Poo(w) = 2(|Waul|?), 3.1

where the angle braces denote ensemble average
which can be replaced by a narrow frequency band
average, if the time series is ergodic and of
sufficient length. i

Here, the complex space-time amplitude W, , is
given by the space-time Fourier transform by virtue
of the orthogonality of exp(im\ + iwt) as

2
Wy, = o J [
aTl 0

X exp[—i(mA + wt)]a‘t}d)\, (3.2a)

1 2T
=

X exp[—i(m, + wt,)]dtz]d)\, (3.2b)

T
J w(A,t)

0

T
J W(X,Q)

0

where (3.2b) has been transformed from (3.2a) by
use of (2.1) and (2.4).
Eq. (3.2b) is rewritten as
' T
Wy = T j Foa(t) exp(—iot)dsy, (3.3)
o
where F,, .., is the ‘‘frequency-shifted space-Fourier
transform’’ defined (see Appendix B for its real
representation) by

27

Fpo(t) =ma""! J w(A,t;) exp(—im,A)dh. (3.4)

0

Eq. (3.3) indicates that the correct space-time
Fourier transform is given by taking a time-Fourier
transform of F,, ,. This relation is the basis of the
present method. In practice, #; can be replaced by
discrete values in the absence of unresolvable high-
frequency oscillations.

It should be noted that the frequency-shifted
Fourier transform F,, ., does not reproduce the orig-
inal space series as

w()‘ytl) # Re E Fm,w(tl) CXP(imwh)v (35)






