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ABSTRACT

Much has been written of the error in computing the horizontal pressure gradient associated with sigma
coordinates in ocean or atmospheric numerical models. There also exists the concept of “hydrostatic inconsistency™
whereby, for a given horizontal resolution, increasing the vertical resolution may not be numerically convergent.

In this paper, it is shown that the differencing scheme cited here, though conventional, is not hydrostatically
inconsistent; the sigma coordinate, pressure gradient error decreases with the square of the vertical and horizontal
grid size. Furthermore, it is shown that the pressure gradient error is adveciively eliminated after a long time
integration. At the other extreme, it is shown that diagnostic calculations of the North Adantic Ocean using
rather coarse resolution, and where the temperature and salinity and the pressure gradient error are held constant,
do not exhibit significant differences when compared to a calculation where horizontal pressure gradients are
computed on z-level coordinates. Finally, a way of canceling the error ab initio is suggested.

1. Introduction

The use of sigma coordinates, wherein the water col-
umn is divided into the same number of grid cells in-
dependent of depth, is attractive when dealing with
bottom topography. It has been seen that estuaries are
modeled rather well (Oey et al. 1985a,b; Galperin and
Mellor 1990a,b); one needs to model the bottom
boundary layer to correctly represent tidal mixing. Ev-
idence is accumulating that sigma coordinates can ac-
commodate rather sharp topographical changes that
include a continental shelf with an adjacent shelf break
and deep ocean (Haidvogel et al. 1991; Ezer and Mellor
1992) and seamounts (Ezer 1994).

However, recent papers by Haney (1991) and others
have evoked concern in the ocean modeling commu-
nity that the use of sigma coordinates may cause sig-
nificant errors when dealing with steep topography. We
mostly defer to Haney’s introduction, which nicely
provides historical background emanating from the
meteorological literature but we will briefly repeat some
salient points. He notes, for example, that Rousseau
and Pham (1971), Janjic (1977), and Mesinger (1982)
have identified the related problem of “hydrostatic
consistency” corresponding to
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where ¢ is the vertical sigma coordinate, defined below;
H is the depth; 6, H is the horizontal change in depth
of adjacent grid cells; and d¢ is the vertical cell size
associated with a sigma grid cell, dxdo. If (1) is not
satisfied, the finite-difference scheme is purportedly
nonconvergent. Haney concludes that “It is obviously
essential to choose the horizontal and vertical resolu-
tion carefully, not only to accommodate the particular
ocean problem at hand, but also to satisfy the hydro-
static consistency condition” {see Eq. (1)]. However,
adherence to (1) would be severely restrictive. For ex-
ample, with 20 evenly spaced sigma levels, (1) leads
to the constraint, §,H/H < 0.05. With present com-
puting resources, one would have to smooth bottom
topography in, say, a basin-scale model to the extent
that it may no longer resemble the basin. Equation (1)
would also mitigate against the use of a refined o grid
near the bottom to better resolve the boitom boundary
layer (where ¢ = —1; a similar problem does not exist
in the surface layer where ¢ = 0).

2. The pressure gradient error

We restrict attention to two dimensions until section
4. Let (x*, z) denote Cartesian coordinates and (x, o)
sigma coordinates. Although the relationship between
(x*, z) and (x, o) may be generalized (Gerdes 1993),
we cite here the specific and conventional relationship

x* =x, (2a)
z = gH(x), (2b)

where z and o increase vertically upward such that z
= ¢ = 0 at the surface and ¢ = —1 and z = —H at the
bottom.






