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ABSTRACT

Spectral formulas for analyzing transient waves are presented. Cross-spectral analysis of space-Fourier
coefficients isolates travelling waves and standing wave oscillations, and provides statistical information

concerning their structure and energetics.

1. Introduction

In a previous paper (Hayashi, 1971), the author
presented a space-time cross-spectral method of re-
solving transient disturbances into progressive and
retrogressive wave components. If one component
dominates the other, the disturbances are regarded as
travelling waves.! If both the components are com-
parable, they are regarded as quasi-standing wave
oscillations.

In the latter case we shall further be interested in
where the nodes and antinodes occur and what the
maximum and minimum local amplitudes are.

The aim of this note is to summarize the previous
paper and to present additional formulas for the above
purposes.

2. Space-time cross spectra of travelling waves

For readers who are not familiar with the previous
papers, we shall recapitulate the formulas for space-
time cross spectra of travelling waves.

We express disturbances W (z,t) by sinusoidal waves
as

W) =L W), (2.1)

Wi(x,t) =% Ri o coslkz+wl+ok,o)

+3 Ry o cos(br—wltor-o), (2.2)

1 Deland (1964, 1972) presented formulas for travelling waves
defined as residues between progressive and retrogressive waves.

where Ry ., ¢r.o and Ry _,, ¢r.—. are amplitudes and
phase angles of retrogressive and progressive waves?,
respectively.

We define space-time cross spectra between two
travelling waves W and W as
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Xsin(@'k, 10— €r.-0), (2.5)

where Pi tuy Kk 1w, Qr.+w are, respectively, the space-
time power spectrum, the co-spectrum, and the quadra-
ture spectrum, with the plus and minus signs indicating
the directions of propagation.

Since the variables are cyclic in longitude and infinite
in time, we shall define these spectra discrete in wave-
number and continuous in frequency by averaging® over
a frequency band of 24w,

On the other hand, Fourier analysis of the space-time

2 In the previous paper the terms progressive and retrogressive
were interchanged.

3 This frequency-averaging was implicit in the previous paper.
Kao’s (1968) two-dimensional Fourier analysis defines space-time
cross spectra as line spectra both in wavenumber and frequency.
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series with respect to space yields the time series of
cosine and sine coefficients as

Wi (x,8) =Cy () coskx+Si(t) sinkx. (2.6)
Then space-time cross spectra are estimated by

applying conventional time cross-spectral analysis to
these coefficients as follows:

4P 1o(W) = Pu(Ci) FPo(St)£20u(Ci,Se),  (2.7)
4Kk, 1o(W W) = Ko(Ct,Ci' )+ Ko Sk,St)
+Qu(Ce,S¥)FQu(SK,Ci'), (2.8)

40k +o(W, W) = £ 0u(Ci,Ck" ) £Qu(St,Sk")
—Ko(C, S )+ Ku(Se.C), (2.9)
Phasex, po(W, W) '

=tan~1[Qx +u(W, W)/ Ky oW, W), (2.10)

P [Wi(x1,0) 1= Ku[Wi(w1,0), Wi(x1,0) ],
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where P, K., Q. are, respectively, the power spectrum,
the co-spectrum, and the quadrature spectrum which
can be computed either by the lag method (see Panofsky
and Brier, 1958) or by the fast Fourier transform
method (see Bingham et al., 1967).

3. Determination of nodes of standing wave
oscillations by cross-spectral analysis

We shall now derive a formula which locates the
position of the nodes of quasi-standing wave oscillations.

First, we express local oscillations caused by quasi-
standing wave component with wavenumber £ at a
given location x=x; by

Wi(x1,t) =Ci(l) coskxy+Si(t) sinkx,. (3.1)

Power spectra of this time series can be expressed in
terms of cross spectra of Ci(f) and Si(¢) as

= K .(Cy, coskx1,Crcoskxr) + Ko (Sk sinkx1,Sy, sinks;)

+K,(Cy, coskxy,Sy, sinkx;) 4+ K ,(Sk sinkx1,Cy, coskay),
= P,(Cr) cos?kxy+ P,(Si) sin®kx142K,.(Ci,Si) coskx; sinkx;,
=3[Pu(Cr) ~ Pu(S1)] cos2kar+Ku(Cr,Sk) sin2kxi+3[ Pu(Ci) +Pu(SH)],

={30Pu(C) = Pu(SK) P+ K (Cr,Si) } cos(Zhar~a) +3[ Pu(Ci) +Pu(SH) ],
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Fr16. 1. Time-longitude section at 110 mb over the equator of wind disturbances appearing in the GFDL general
circulation model. Two-month mean is subtracted out.
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Fic. 2. Space-time power spectra of the meridional component of the wind disturbances shown by Fig. 1
during the period July through October, 1964.
where respectively, at
2K (C,Sk) (3.3) (
= 3.8 a+2mm a+Cm+1)7
Pw(ck) _Pw(Sk) Tmax ="""", Enmin=—""__ ", (34)
2k 2k
We see from (3.2) that maximum and minimum local
amplitudes of quasi-standing wave oscillations occur, where m=0, &1, &2 ---. Maximum and minimum
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F16. 3. Same as Fig. 1 except for the 685-mb level.
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I'16. 4. Space-time power spectra of the zonal component of the wind disturbances shown by Fig. 3
during the period July through October, 1964.

values of local power spectra of quasi-standing wave
oscillations are given by

i{i[:Pw(Ck) _Pw(sk)]2+Kw2(Ck)Sk)};

+3[Pu(C+Pu(SH],  (3.5)
where plus and minus signs correspond to maximum
and minimum, respectively.

Space-averaged power spectra of standing wave
oscillations are given by

Space-mean power =3[, (Ci)+P,(Sr)]. (3.6)
On the other hand, from (2.7) we have
ProW)+Pi (W) =3[P, (C)+PL,(Sr)]. (3.7)

Thus, we see that a summation of space-time spectra

Kw[:Wk(X1,t),Wk/(x2,t)]
=K, (Ci,C\') coskxy coskxs+Ko(Sk,Si’) sinkxy sinkxs

QWi t), W (x2,8) ]

+ Ko (Cr,St’) coskxy sinkx,+ K, (Sk,Ci’) sinkx; coskas,,

of progressive and retrogressive waves gives a space-
mean local power spectrum of standing wave
oscillations.

4. Local cross spectra of quasi-standing wave
oscillations

In this section we shall generalize Section 3 and
obtain local cross spectra of quasi-standing wave
oscillations.

We are interested in two local oscillations, W (x1,)
and W' (xy,t), which are caused by two quasi-standing
wave oscillations with the same number & at x=x, and
x=u1x,, respectively. Time cross spectra between these
two local oscillations can be expressed in terms of time
cross spectra of space-Fourler coefficients as follows:

(4.1)

=Q,(Cr,Ci") coskx1 coskxs+Qu(Sk,Si”) coskxy sinkxs4Qu(Cr,Si’) coskxy sinkxs+Qu(Sk,Ci’) sinkx; coskxs, (4.2)

Q“-‘[Wk(let):I/Vk/(xzit)]

Phase.[ Wi(x1,1), W (2,8) ]=tan™? ‘

KW i), W () 1)
sz[Wk(xI:l))Wk/(x%t)]—f_Q”z[Wk(xl:t>:Wk,(x2;t)] t

(4.3)

Coherenceo[ W i{wy,t), Wi (x2,) ]= {

5. Remarks

Application of our formulas to space-time series data
will enable us to isolate travelling waves and standing

(4.4)
P W i(x1,) P LW (x2)8) ]

wave oscillations and to discuss their three-dimensional
structure and energetics. We shall also be able to find
the nodes and antinodes of quasi-standing oscillations.
It will be interesting if one of the nodes is located at a
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TasiE 1. Position of antinode (wavenumber 1).
Period (days)
o0 60 30 20 15 12 10
P40 (U) [(m sec™)? day] 116 ’ 78 19 7 7 3 2
Pp-o(U) [(m sec)? day] 116 76 27 13 13 7 2
Antinode (E longitude) 94 95 131 115 108 103 90

physical barrier or one of the antinodes is located in the
region of external excitation.

Our method is powerful in the analysis of transient
ultra-long waves in middle latitudes and also in the
analysis of tropical disturbances using satellite observa-
tions. The author is currently applying this technique
to tropical disturbances appearing in a numerical model
of the general circulation at the- Geophysical Fluid
Dynamics Laboratory at Princeton University. Some
examples of the results are given in the Appendix.
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APPENDIX
Applications of Space-Time Cross Spectra

In order to illustrate application of space-time cross
spectra we shall present some examples obtained in the
course of a wave analysis of the GFDL general circula-
tion model.

1. Example of travelling wave

Fig. 1 shows a time-longitude section of wind dis-
turbances at 110 mb over the equator of the model.
The meridional component (right) exhibits westward
phase velocity.

Fig. 2 shows space-time power spectra of the merid-
ional component of the above disturbances. We see
that they are westward-moving waves with wave-
number 4 and periods of around 4 days. This is quite
in agreement with the large-scale equatorial waves
discovered by Yanai and Maruyama (1966).

2. Example of standing wave oscillation

Fig. 3 is a time-longitude section of wind disturbances
at 685 mb over the equator of the model. The zonal
component (left) shows a large-scale standing wave
oscillation.

Fig. 4 shows space-time power spectra of the zonal
component during the period July through October.
We see that this standing wave oscillation is composed
of westward- and eastward-moving waves with wave-
number 1 and very long periods.

Table 1 shows the position of one of the antinodes of
this standing wave oscillation estimated by use of
Eq. (3.4). We see that a maximum amplitude occurs
around 100E. This location is consistent with the
Indian monsoon in summer.
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